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Abstract: The relative dispersion of a contaminant plume (i.e. where the statistical description
is relative to a coordinate system whose origin is the instantaneous centre of mass of the plume) is
governed by the turbulence components of order of, and smaller than, the instantaneous dimension
of the plume. Provided this dimension is characteristic of scales within the equilibrium range, the
relative dispersion of the plume is expected to have a universal form. Presented here is a physically
based model for the probability density function (pdf) of the contaminant concentration field within
the relative framework. However, any practical model output is required in the absolute (or fixed)
frame of reference. Hence, convolution techniques are used to transform the relative frame model into
a corresponding absolute frame model. The accuracy of the results produced by these techniques is
analysed and discussed.
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1. INTRODUCTION

Consider the steady continuous release of scalar
contaminant into the turbulent atmospheric
boundary-layer, and the subsequent dispersion
of the resulting contaminant plume. The com-
plex random structures inherent in turbulent
flow, which occur over a wide range of temporal
and spatial scales, vastly accelerate the effect of
the comparatively slowly acting molecular diffu-
sion process, producing increased rates of con-
taminant mixing and transport..

One important consequence of the wide spatial
scale spectrum is that, in addition to the in-
creasing plume dimension as the contaminant is
transported downwind, the overall plume struc-
ture will also be subject to large scale mean-
der. The turbulence components responsible
for the meandering are predominantly the large
energy containing components. The growth of
the internal plume structure, however, is domi-
nated by the turbulence scales of order of, and
smaller than, the instantaneous plume dimen-
sion. Hence, provided attention is restricted
to ranges so that the dimension of the plume

is characteristic of scales within the equilib-
rium range [Batchelor, 1953], the relative dis-
persion of contaminant, about the centreline of
the plume, will be dominated by the universal
turbulence regime characteristic of the equilib-
rium range, which, in addition, is independent
of the non-universal large scale turbulent com-
ponents.

Consequently, statistical models for relative
plume dispersion are likely to have an overall
simpler structure than any corresponding model
based in the fixed, or absolute, frame of refer-
ence. However, it is necessary for any practi-
cal model output or prediction to be given in
the absolute framework. Hence, the main aim
of this work is to develop statistical models for
relative dispersion, and then use spatial convo-
lution relationships, which relate the absolute
and relative frame descriptions, to obtain abso-
lute frame models.

The dispersion process was first modelled us-
ing these techniques by Gifford [1959], who de-
veloped a meandering plume model in which
concentration fluctuations were due solely to
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the large scale meandering of the plume. This
idea has since been extended, and more realistic
physical models in -which internal fluctuations
are also included, have been analysed; for ex-
ample see Reynolds [2000], and Yee and Wilson
[2000].

2. NOTATION

Let I'(X,t) denote the contaminant concentra-
tion field at position X, relative to the source
position, and time t, where X is aligned in the
downwind direction, and X3 is directed verti-
cally upwards. At each time ¢, let R(X;,t) =
(X1, Ra(X1,t), R3(X1,t)) be the position vec-
tor of the instantaneous plume centreline at the
downwind distance X;, where

(BayRe) =@ [ (Xo, X0) DX, 1) dXa X,
RZ
(1)
and Q(X1,1) is given by

Q= / [(X,t) dX, dXs. @)
JR2

At each downwind location X, it is now pos-
sible to define the coordinate system relative
to the instantaneous plume centreline position,
which will be denoted by z and defined by

E:(O,$2,$3)=X—R, (3)
where Iy = X2 - R2 and Ir3 = X3 - R3.
Then, for each relative position & and time ¢,
let I (z, t) be the concentration field relative to
the plume centreline position R(X7,t), which is
related to I'(X, t) by

I (x,t) = 'z + R, ). (4)
Since I'( X, t), I'-(z, t) and R(X1,t) are random
variables, the only reproducible properties will
be statistical quantities, definitions of which will
be given subsequently. First, note that consid-
eration is restricted to dispersion periods much
less than the timescale on which meteorologi-
cal conditions vary. Consequently, since con-
taminant is continuously released at a steady
rate, I', I and R can be considered as station-
ary random variables. Hence, let p-(8; X) and
pr, (8; ) denote the pdfs of I'(X, ¢) and I (z,t)
respectively, which can then be used to define
the usual statistical quantities. For example,
in the absolute framework, the mean concen-
tration C(X), central moments M (™ (X), and
standard moments mF")(X ) are defined by

X)= /Rﬁpp(G;X) d

M™(X) = / (6 C)pe(6; X)d8,  (5)
R

m™ (X) = / 6™ pr (6; X) df.
R

The corresponding relative framework moments
Cr(z), M{™(z) and m{™ (z) are defined simi-
larly.

The absolute frame pdf p-(8; X) is related to
the relative frame pdf pr,(6; ) by the convolu-
tion relation

pr(0; X) = //2pn (6:2) pu(X — @) dasdas,
R
(6)
where pg is the pdf of the plume centreline po-

sition. The relationships for the standard mo-
ments can be obtained directly from (6), i.e.

m{M(X) = //2m$")(m)pR(X — z) dzadxs.
R
(7
3. RELATIVE FRAME ANALYSIS

The concentration measurements used in the
analysis were obtained in a series of atmo-
spheric release experiments (the Madona field
trials; full specifications given in Mikkelsen et
al. [1995]). The release contaminant was an ar-
tificial smoke consisting of small particles, and
concentration measurements were obtained us-
ing a Lidar [Jgrgensen et al., 1997] fired hor-
izontally across the smoke plume, and normal
to the mean wind direction. Lidar systems pro-
vide instantaneous concentration measurements
at many crossplume locations (at 3 m intervals),
so are ideal for using in relative framework anal-
ysis.

Since Lidar measurements are obtained in a hor-
izontal line across the plume, and at a fixed
downwind location, the analysis is restricted to
the following one-dimensional situation. Let y
denote the absolute framework coordinate along
the line-of-sight of the Lidar, and I'(y, t) denote
the corresponding concentration field. Then
previous definitions can be modified as appro-
priate.

In particular, (1) and (2) reduce to

f=q / y Ty, 1) dy, ()

/ I(y,t) dy. (9)

Measurements of R(t) were obtained from the
data, and then pR(y) was estimated using ker-
nel density estimation [Roussas, 1997] with a
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Figure 1. Schematic showing the range of shapes of pr,(0;z) observed in the data.

Gaussian kernel. As expected, these estimates
indicate that the variability of R increases with
downwind distance. '

Gifford [1959] assumed pr(y) to be Gaussian,
which is a reasonable assumption if the turbu-
lence is homogeneous in the y-direction. Also,
Yee and Wilson [2000] present a mathematical
argument to show that pr(y) is Gaussian if dis-
persion is symmetric in the y-direction. Hence,
fits were obtained by assuming a Gaussian form
for pg, i.e.

— 1 (y — MR)2
pr(y) = mexp (‘7‘?—> , (10)

where the mean pup, and standard deviation
or, of R, were estimated from the data. The
fits compared well with the kernel density es-
timates. Since meander is dominated by large
scale motions, one expects convergence of esti-
mates of pr to be relatively slow, so the differ-
ences are probably not significant.

The absolute framework measurements were
used to generate relative frame measurements at
intervals of 3m (approximately twice the spatial
resolution of the Lidar) relative to the centre-
line position R. Analysis of these revealed three
possible shapes for the pdf pr (6;z) of I(z,t),
where z = y — R is the relative frame coordi-
nate, which are shown in figure 1. (Note that O,
denotes the ensemble maximum concentration.)

The overall physical picture obtained from
this analysis can be summarized as follows.
At downwind locations relatively close to the
source, where there has been little time for
molecular diffusion to act, the type A pdf will

be observed around z = 0, with a transition
into type C as |z| increases; this process is likely
to include an intermediate transition into type
B. Very far downwind, where there has been a
long time for material to diffuse into entrained
ambient air, one would observe type C at all z
across the plume. At intermediate downwind
locations, the most likely structure would be
a transition from type B to C with increasing
|z|. Furthermore, in all cases, ©, was maximum
around z = 0, and decreased with increasing |z,
and all structures were found to be essentially
symmetric about z = 0.

Attention now centres on developing simple
parametric model pdfs capable of producing
types A, B and C, which also satisfy necessary
underlying physical constraints. For example,
pr. (6; z) has finite support (0, ©,), where @, =
O,(z), i.e pr,.(8;z) =0V ¢ (0,0;). There are
also asymptotic conditions on pr, (8;z); for ex-
ample, pr, (0;z) — 6(9) as |z| = oo (i.e. O = 0
as |z| — oo). It has also been shown [Chatwin
and Sullivan, 1989, 1990] that pr,.(6;z) (and
pr(8;y)) can be written exactly as the weighted
sum of two component pdfs, where the individ-
ual components have a precise physical defini-
tion. i.e. the probability that the fluid element
at = and time ¢ has, or has not, emanated from
the source.

A number of possible pdfs have been considered,
the most successful of which was such a mixture
distribution, with a generalized Pareto distribu-
tion (GPD) and a beta distribution as compo-
nents. This pdf will be denoted by BGPD, and
is given by

907



pr.(6;2) = 7(2)f1(6;7) + [1 — v(2)] 2(6; 2),

(11)
where
1 9 £2—1

fx)=—1{1-—— 12

hibie) =g ( 9T> (12)
1 9 m-—1 0 n2—1
0,2) = ————— | — 1— —

200 = o () (- a)
(13)
and £, &, m > 0,m2 > 1,0 < v < 1. Also,
O, = &6, and is the same in each compo-

nent, so that the BGPD has five independent
parameters. Maximum likelihood (ML) [Rous-
sas, 1997] was used to fit the BGPD to the rel-
ative framework data; an example of the fits
produced, compared with histograms generated
from the data, is given in figure 2 (note that A
will be used throughout to denote an estimate
of a quantity). The BGPD produced good fits
to all the datasets, and at all locations = con-
sidered.

At locations z where the type A pdf was ob-
served, the f, component dominates (i.e. ¥ ~
0). However, when type B is observed, 0.1 <
4 < 0.2 and so the f; component makes an
essential contribution to the mode at § = 0.
Furthermore, in some experiments 4 increased
towards the plume edges where the type C pdf
was observed, and so the f, component can also
make a significant contribution at these plume
edge locations.

4. ABSOLUTE FRAME ANALYSIS

Firstly, the one-dimensional forms of (6) and
(7) are

pr(6y) = /R P, (6;7) paly — 2)dz,  (14)

m™(y) = /R m{™(2) paly — z)dz.  (15)

The fitted Gaussian for pr(y) and the BGPD
for pr, (6; z) were then used to model pr(6;y).

For given values of # and y the right-hand side
of (14) was evaluated using the trapezoidal rule
with values of the integrand at the values of z
for which p,,, was estimated. An example of the
fits produced using this procedure (for the same
data used to obtain the figure 2 fits), compared
against histograms obtained from the absolute
framework measurements, is given in figure 3.
Except at small 8 the fits are generally very
good. This deterioration in the fit, at small 6,
can be explained as follows.:

The estimates for p,, have been obtained over
a finite interval of z, i.e. |z| < L, where, for ex-

140 z=10
A
Pr
ol
0.00 0.02
0
190 z=6m
A
Pp'
01l
0.00 0.02
g
700 + z=15m
A
Pp'
0
0.00 0.02

0

Figure 2. Examples of the maximum likeli-
hood fits obtained for the BGPD defined by
(11)-(13), compared with the corresponding
histogram, at relative positions z =0, z = 6m
and z = 15m. This data (madl4h) was ob-
tained relatively close to the source, at a down-
wind distance 230m.

ample, L = 36 m for the data used to obtain the
fits in figure 2. Now, let Omin = min{6,(z)},
and recall that @, (z) decreased as || increased.
Hence, for 8 > @i, we have estimates of all
non-zero values of p._ (f;z). However, for § <
Omin this is not the case; and as 8 decreases to-
wards zero an increasing range of non-zero con-
tributions to (14) will fall outside —L < z < L,
and so will not be included in the approximation
to the right-hand side of (14). This problem will
also become worse as |y — jigr| increases, since
Pr(y — ) gives increasing weight to the miss-
ing contributions to pp_(0; z). Thus, even if our
models for pr (6;z) and px(y) are very good,
we expect decreasing accuracy for the resultant
pr(6;y) model as # decreases below @i, and
|y — iig| increases.
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Figure 3. Results of the convolution (14) com-
pared against the histograms plotted from the
absolute frame measurements, using the same
data set (mad14h) used to obtain the fits in fig-
ure 2. Note that, for this data, Omin = 0.004.

The fitted Gaussian for pg(y), and the values of
mt" (z) and mg)(z) obtained directly from the
relative frame measurements, were then used
to model m®(y) and m®(y) using (15). A
similar numerical approximation procedure to
the one described above was used. Figure 4
shows the results of this procedure applied to
the dataset used for the previous plots, along
with (for illustration) the values of mg‘l)(x) and
mgz)(:r) used in the procedure (broken curve).
This procedure also produces good results, but
similarly, we expect accuracy to decrease as
|y — fir| increases, albeit with a lesser effect
since we expect the necessary limiting condi-
tion m{™ (z) = 0 as |z| — oo to be attained at
relatively short ranges of |z| (as is illustrated in
figure 4).
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0.000
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x107°
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Figure 4. Results of the convolution (15)
(smooth curve) compared against the moments
obtained from the absolute frame data (again
using the mad14h dataset). Also shown is the
values of mg)(m) and m{ (z) used in the con-
volution procedure (broken curve).

5. DISCUSSION

The inaccuracy problem associated with the ap-
proximation for the pdf convolution (14) can
be overcome by modelling the parameters of
pr,(8;z) for all z € R, which would include
modelling the approach of pr, to the limit 6(8).
Of course, due to the finite range of the mea-
surements, this would involve a degree of sub-
jectivity for large values of |z| where data is not
available. Given the smooth symmetric forms of
the estimated values of m{") (z) and m® (z) ob-
tained from the measurements, a model based
on the moment convolution (15) should be much
simpler to implement.

Presented above is the results of determining
the parameter values by fitting (11)-(13) to
data. To use the BGPD as part of a model
for concentration fluctuations it would be nec-
essary to supply a model for the dependence of
parameters on relative position, downwind lo-
cation, atmospheric and source conditions, etc.
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